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cult to describe the surface with discontinuities by a single
patch using surface parametric coordinates. Simply dividing
the surface into a number of local patches is ineffective, since
there are grid cells extending over two side surfaces at the
edges of the side surfaces of the pyramid. The present method,
which can deal with plural patches, treats this problem easily.
The effect of the weight function A is seen in Fig. 3. The
surface of z = sin x sin y is examined. In Fig. 3c, \ = const;
however, in Fig. 3d, A is set to be proportional to thé radius of
the curvature. The clustering is performed successfully around
the top of the curve without changing the point distribution on
the boundary.

Summary

A new method of generating the surface grid has been
presented. The capabilities of generating the smooth surface
grids from the unstructured grid are demonstrated. An adap-
tive control of the mesh clustering is achieved by using the
weight function. The accuracy of the surface definition is
expected to improve further if the high-order patches are
introduced.
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Similarity Solutions for Supersonic
Axisymmetric Flows
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Introduction

T is well known that similarity solutions exist in several

areas of gasdynamics, including unsteady one-dimensional
and steady hypersonic flow past slender axisymmetric and
two-dimensional bodies. For such bodies, Sedov! has shown
that the solutions have power-law shock waves and negligible
freestream pressure. His work was later reviewed by Mirels?
with emphasis on hypersonic flow. Cole and Aroesty® have
shown that, for two-dimensional flow, the hypersonic small
disturbance theory (HSDT) permits another similarity solu-
tion with exponential shock waves.
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Later, Hui* found another similarity solution with logarith-
mic shock waves for two-dimensional flow. Both solutions,3
similar to that of Sedov, assumed infinite M. To show the
effect of finite values of M,,, Hui and Hemdan’ perturbed the
two solutions®* and reduced the perturbation equations to
ordinary differential equations. Here, we give new similarity
solutions based on a recently developed hypersonic theory
given in Ref. 6.

Perturbation Theory
The problem of hypersonic flow past pointed-nose slender
axisymmetric bodies at zero incidence was approximated® as
follows:

Bt (BV), +PV/r =0 (12)
1B, + P(ve +vv,) =0 (1b)
VI F)] =F'(x) )

Pl S(x)] =S "*(x) (32)
V%SOl =8’ () - n/8’ (x) (3b)

where
n=1/[1+ (- DM%/2]

« is the ratio of the specific heats of the gas, and p, v, F, and
S are, respectively, nondimensional: pressure, transverse
speed, body, and shock wave. The variables j, v, and S are
related to the physical values p, v, and S by the following
perturbation expansion:

D(ER,F) — Po, = poU[eB(x,r) — en) + O(e?)] (4b)
WEF) = UnVev(x,r) + O(?)] ' (4b)
SE) = [[VeS(x) + O(¥)] (4c)

where x and r are the physical axial and radial coordinates (see
Fig. 1); P, p=, and U, the freestream pressure, density, and
speed; / the body length; and ¢ the perturbation parameter
defined by
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Finally, x and r are nondimensional coordinates defined by

x =x/1 (6a)
r="rIe _ (6b)
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Fig. 1 Axisymmetric body and coordinates.
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The motivation behind this approach and the main assump-
tions involved are detailed in Ref. 6 and could be summarized
briefly as follows. It is well known that, should the limits y—1
and M, — o be applied to the full steady inviscid equations,
we would get the Newtonian theory. To divert from the New-
‘tonian approximation and to get equations applicable at hy-
personic speeds, and possibly moderate speeds, the preceding
limits are associated with a geometric limiting process in which
the body thickness —0 as Ve. Thus, Egs. (1-3) are valid in the
limits y—1 and M- and F(¥)—0 with (y — )M2 and
F(®)/Ve fixed. Since e<1 for supersonic flows, the theory
could also be used at moderate Mach numers. Notice that M,,
is O(1/Ve) and the body thickness measured by say, 8, is
O(Vé); thus, it follows that the proper range of M,.5, the Tsien
hypersonic parameter, is O(1) or greater, similar to the
HSDT. ‘

Equations (1) may be simplified by the transformation

plr)=mpx,r) - (M

Now, we assume the following perturbation expansion as
k—0.

v(x,r) = vo(n) + kx"v(y) + kzxz”fvz(n) + ... (8a)
Px,r) = poln) + kx"pi(n) + kXx*"py(n) + . .. (8b)
F(x)=Bx — kx™m*!1 8c)
S(x)=Ax + akx™ 1+ bkx2mely | (8d)
where
n(x,r)y=r/x

is the similarity parameter, and m is any number greater than
0, and B is the slope of some basic cone. The constants 4, a,
and b in Eq. (8d) are to be found as part of the solution, and
the functions on the right-hand sides of Eqs. (8) are assumed
to be O(1) as k—0.

Substituting Egs. (8) into Egs. (2), (3b), and the trans-
formed [by Eq. (7)] form of Eqs. (1) and (3a), and equating
like powers of &, we obtain the following approximations:

Zero approximation:

vo—mmpg + v +vo=0 (9a)
npg+ (vo—mvy =0 (9b)
vo(B) = B (10)
vo(A)=A —n/A (11a)
Po(A) = 26A (11b)

First approximation:

G = Dp{ +v{ +mpy+ (s + vy =0 (122)
np{+Wo—v{ +(m+v§v,=0 (12b)
vB)=viB)—-m -1 (13)

vitA) =a(m + 1)1 + n/A?) — avi(A4) (14a)
piA)=2a(m + 1)/A — apj(A) (14b)

Second approximation:

1
(o=mp3 +v3i +2mp, + 6 +;)V2= - Vi (152)
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nps + (o—mvs: +2m+ vy = — vy (15b)
1
vo(B) = vi(B) —EV()’(B) (16)

vo(A) = b(1 +2m)(1 + n/A? — na®*(1 + m)*/A3
—avi(A) - bv§(A) — Vaa®*v §(A) (17a)

PoA) =2b(1 + 2m)/A —a*(1 + m)}*/ A% — ap{(A)
1
—bpé(A)—Eazpé’(A) 17v)

It should be mentioned that Jischke and Kim’ have also
studied the axisymmetric flow past slender bodies using the
HSDT also by seeking the flow as a small perturbation from
some basic cone flow. They obtained a first-order perturba-
tion term that should correspond to the first approximation
given earlier. They presented only one comparison for the
surface pressure, which showed marked deviation from exper-
iment and the tangent-cone method except for the leading part
of the body.

Solutions for Axisymmetric Bodies
The pressure p, could be eliminated from Egs. (9) to get

il

Equation (18) is nonlinear and has two singular points corre-
sponding to vy(y) — n = Vn = 0. Using Egs. (10) and (11a), we
can show that the numerator of Eq. (18) varies between vy(B)
and vo(A) as g varies from A to B; therefore, it cannot be zero
anywhere and the singular points are not in the flowfield. It
can be shown that Egs. (12) and (15) have the same singular
points.

Equations (12-14) can be transformed into an initial-value
problem by the transformation

Pi(n) = pi(n)/b,

Vity) = vi(n)/b

Results and Comparison
The surface pressure coefficient, C,, will be given by

C, = —2ne+ 2e exp{po(B) + kx"[py(B) — p{(B)]
1
+kzxz”’[ﬂz(B)—p{(B)+§p6(B)]} 19

The shock wave of a circular cone will be determined by 4
only, which can be found from Eq. (11a) (taking the weak
shock solution).

Table 1 compares C, for circular cones with semivertex
angles 6, with Sims’® numerical solution for y = 1.4. The table
shows that Eq. (19) is in very good agreement with Sims’ exact
calculations, even for M,, as low as 3 and 8, as high as 20 deg.

In Fig. 2, the circular cone shock wave is compared with
exact calculations (4 = tanf;Ve). The agreement is seen to be

Table 1 Comparison for C, for circular cones

8. = 10 deg 6c = 15 deg B = 20 deg
M Sims  Eq. (19) Sims Eq. (19) Sims Eq. (19)
20 0.0640 0.0632 0.1411 0.1449 0.2458 0.2664
15 0.0648 0.0640 0.1419 0.1455 0.2466 0.2671
10 0.0667 0.0659  0.1441  0.1476  0.2489 0.2693
7 0.0699  0.0690 0.1478  0.1514  0.2531 0.2732
5 .0.0748 0.0734 0.1542 0.1572 0.2605 0.2800
4 0.1608 0.1630 0.2684 0.2799
3 0.2843 0.2798
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Fig. 2 Comparison for shock-wave angle 0, for a cone: o, X exact
(o, 10 deg; X, 15 deg); —, Eq. (11a); y = 1.405.
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Fig. 3 - Comparison for ratio of shock wave to body initial curvature
v for a parabolic ogive: - - -, exact; ——, HSDT; —, Eq. (8d);
y = 1.405.

| ] \?} 2.73
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Fig.4 Comparison for C, on a parabolic ogive of fineness ratio 3:
o, experiment; - - -, method of characteristics; ——, Eq. (19);
y = 1.405.

good if M, tanf. is O(1) or greater. In Fig. 3, the ratio of
shock wave to body initial curvature, v, is compared with
exact calculations and with the HSDT for a class of ogives
(m =1 and k = B/2). The figure shows good agreement with
the exact calculations for . = 10 deg.

Figure 4 compares Eq. (19) with experiment and the method
of characteristics. Notice the good agreement even for
M, = 2.73. The figure also shows that increasing M, has a
moderate decreasing effect for the front part of the body and
a moderate increasing effect on the very rear part.
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Conclusions’

Very good results are obtained for pointed-nose slender
axisymmetric bodies at zero incidence. The agreement with the
exact method and experiment covers a wide range of v, M.,
and k. The analysis relies on a recent formulation of the
hypersonic small disturbance theory, where the equations have
been reduced here to ordinary differential equations. The
main advancement of the present hypersonic theory lies in
having a smaller number of unknown functions and easier
equations that lend themselves to further analytical study.
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Resonance Prediction for Slotted
Circular Wind Tunnel
Using Finite Element
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Introduction

ODEL flutter and unsteady airload measurements will

be affected by resonant phenomena. When the model
frequency is near a wind-tunnel resonant frequency, the re-
sults of these test will be inaccurate. Widmayer et al.! con-
ducted some experiments to measure the oscillatory aerody-
namic forces and moments acting on a rectangular wing. The
test results were in considerable error near the tunnel resonant
frequency. Clevenson and Widmayer? also observed the occur-
rence of resonance in experiments on a two-dimensional wing.
Therefore, it is important to predict the wind-tunnel resonant
frequency accurately.

Davis and Moore® and Acum* have obtained the resonance
frequencies for the rectangular cross section. Lee’ has ob-
tained the resonance frequencies for a rectangular and an
octagonal cross section by using finite elements.

Some wind tunnels have circular cross sections. Also, many
wind tunnels have several slots on the wall to reduce model
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